
Asymptotic behavior of the branching rules
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SO Overview

· What is a branching rule ?

6 : a compact group(e .g. WIN .
SOCN · Sp1zN)-(

- E : thebet of all equivalence classes of irreducible representations ofC
i . e

.,
x= CIable representation : GxV

w Si
. VI : a representation of G
-> VE LO ... irreducible decomposition of It . VI

X 9 multiplicity of (ix.)um nur

Ex a x , M + , KOV YO
V

·
,

Free
,

We h
NE

↳ Analytic approach : X : = Tri : 6-K : the character of 6
* Ex + 8 , Xx= Troy : themuble character

-> X
=[mxx



# : representation tenson product estriction

character product estriction

-> Ex
. ME , XxXm= Cr

· OCh
,

Frt
, Xrlg =Em

Fourier analysis

6: a compact group -> Ea Haar measure on 6

-> 4xx4x+2: a 0 . n
.
b. of

[161 := (f + E(6) /Eg +6
,

f = fig . g ) a . e
.7

i branchingrule of 6 = Fornia analpis on E16K

E How about inductive limits of Compact groups ?

Examples

· Type A : V(N) + UCN +7) -
... - V) =m USN

u ++ (4 1 ] =/
...
] I ne um ful



· Type B : SOCN +1) + SORN+3) +- - + SO(2 +1)

B : SORN + SO(N+2) ---- - S0128)

U -(4)
: S0(zo + 1) E Soke)

· Type C :

Sp(zN) := [U + UBN) / JnUTn = -19
,
where In = /

-
]

- u = 1)
~ Sp(an) + SplIN + 2) -> - - - Sp(2a)

)
Rem : U18I

,
SO12811 , Sp120) ,

Solzs) are NOT type I group

I i . e
., unique irreducible decomposition i not guanteed

-> We consider only reprsentations "associated with"character

& beanching rule = "decomposition" of characters

Rem:+ are NOT locally compact



~ NO Haar measures & NO Forzien analysis
-> branching tules are described by probabilistic language

Def : 6 : a topological group (always
, Hansdorff

f : G + K : a continuous function
- a character of 6 if En,

1
, Fg . ..., En + G,

(f(gigi)], > 0 (positive - semidhf)
· Fg .

heG ,

f(gh) = f(hg)

- Ch(6) := 1 feC(6) 1 f : character
·
fiel = 11

9
a convex setm 2(6) := exCh(6)

Rem : 6 : a compact group - E(6) = 11x+
(dx : = dimk)

Rem : GNS Construction

Ffech(6) -

E :
(nf , 4f , 3f)

10 /Eg . Hg) : a unitary representation of 6



10 Eg + Hf : a Unit Vector

St . f(g) = (fig13f . 37 VgzC

What is ECG) in the presentation theory ?

& Thm (Hinai-Hinai 105)

E(6) =h finite factor representations of 67/n

where... (i
.t) : a unitary representation of C

-> C : the von Neumann algebra generated by (6)

· (i . x) : irreducible

E G : = ( T + B(e) / -S +2
,
ST =TSh = 41

· (t .
2) : factor & finite

# Gina = 4) & Falinear functional T : G + D

St
. ToTECh(G)

① G < Gx6 by 646x6

gH (g , g)



> (6x6
, 6) : a spherical pain

i . e., (i . () : an irreducible representation of GxC
=> dim 201 1

M

: = 13 + 4 /TT1 ,g)] = 3 Vg +G]

Thm (Olohanki 183)

E/6) =I irreducible spherical reprsentations of 16xG , 6)4/
where (i . H

,3) : a unitary representation of Gx6 With 3 +He
E Apherical representation if 3 is cyclic

& 6 - invariant

v ge 6 + Silgel3 ,
31 is a character

u Our interests :

Branching rules of unitary representations of finite type
of G = UK)

.
SO12N+ 1

, Sp1za) ,
SO12d

or

spherical reprsentations of (6xG , 6)

↳ decompetitionof Ch(6)



xi Ch(6) ... the topology of uniform convergence of Compact sets
W

E (6) --- the relative topology

# : FftCh(6)
,

E :
a Bowl probability meaume P on El6)

(g + 6 , f(q) =6
x(g)dP(x)

-> P : the epectral measure of f

Recall : 6 = EmGi ,
GN = UI)

,
SORN)

, SpIN) , SOCN

(f + Ch(G)
-> fo + Ch(G)

-
=>

a probability measure Pr on ENEECGul

"Thm" PN + D weakly

-> Our interest : Branching rules of G or 16-6 , 6)

=> spectral measures of Ch(6)

= asymptotic analysis of PCEN) as N + X

&

prob . meas.



Plan · Irreducible characters of the classical Lie groups
· Casinin operators of the classical Lie algebral
· Analysis of Probability measures on A

· Characters and random probability measures on IR

· Asymptotic representation theory
· Asymptotic analysis of characters

Notations o G EN EN * BG EG

A UCN) glx N 8 O

B SOCN+1) 502N+ 2N+ I I

C Sp(2N) APIN 2N - T 2

D SO(N) AV2N IN 1 8

· X : a topological space
- P(X) := the set of Bowl probability measures on X



5 1 Irreducible characters of the classical Lie groups
The Peter-Weyl theorem

Fact : Er *

S
4 x = (xx - - - > XN)- zNy G = A .

& x = (xy) -
- - 4() + 25] 6 = B

.

C

& x = (x1) - -- >XN) + EXI)(v + >(xx)) G = D

VXeEr
,

I
(TX

.
Vx] : irreducible representation of GN
G

-> Xx : = Tryoty : the irreducible characters of GN

- f + Ch(Gv)

-> By the GNS Construction
.

E ! (if . Hg . 3f) St . f = <*f) . 13g . 3g)
~ irreducible decomposition : HfEC UEM ,3

34 = 40mx
- f(q) = \πf(q739 , 497 #

= [s(igIm)5 " 3 *

) = End(k)+
XEN

↓ [Colmy · 3% 3x)
=[ 1134

.AXx(g) = 13 Truxk)IfEv

Cuniform convergence)



R : 1 = fle)
=I : P(1) := 113tR - PtP(G)

Conversely .
FPEP()

,
f=PChG

x (Xx(g))[Xxlel = dx v CRHS) Converges uniformly

Rem : [xxuxton : 0
.
nb

. of ECGTN

- f= xx ==f

The Wey character formula

A Fu + WCN)
,

ENEUCN) st . u= (2
.za+

where Z
.. . - , En = T := /z-(111 = 11

are eigenvalues of u
-> Af + Ch(U(N))

,

f(ul = f(r( ...)ut)
= f((* zi)) =: f(z -- , zn)



# B.

C
.
D Dleio) : = /losa-Si

-> FueGr
,
Enter

u(D(z) DAv(hG = c
.

D.S
.
t

. u =

I v(Pm DAn
,
)n+ C = B

- FfECh(G)
,
f(ul = f()Dlzy DAN

sil
11

=: f(z
, - -

- ,zn)

#

station
(N-E ,

N-z ,
- - -

, z) G = B

(N
, N-1 , .

. -

,
17 G = CS

(N -1 ,
NE

, ---

,
0 G = D



· the Wel group

Wari= S
Siv G = A

SNX
V

6 = B
,
C

SrXI1 G =D

Where E2 = 1117 & Fea Th
(E

. ...
En+ ) + (E--

.
E

,
En---Exil

↓ G ,
H : groups with G - H

~ GxH := GxH with (g . h) · (g . h) := (gg , h(g .h))

Vo + WAv = Sr
.

San(H) := (1)ivct)
&

where inv(r) := & (i . j) /< , NilL5j4
↓ W = (r . 1,

. . . ,
Ev1) + Wor (GFA)

,

Sqh(w) : = En --- En Sgn(t)

# (the Weyl character formula l
-

2 Syn(w) zW
. (+g)

Ext EN
, XP(z . ...

Ev) = WeWoN

-

2 Sgn(w) z"f
WeWon

where Ed : = z ... Zi for X = / , . . ... di)



w . d = (Endo
c --- .

Entrivi

Ex o X1(z1 ..... zn) =

det +N-J]E
... the Schue polynomial

da (z +N-J
j = 1

· xP(z1 . --- zu) =

cht (z +V - I +ESA
- zi kj +N -= +20/)7=

(G = B
,
C)#

where Ec = 12 GB

· XR1z . ...zn) =

Chtz - zH+-])]Yz + detzi -z+-j)]
M (zi +Z - (zj +zj)
KIjEN

Rem XPCN) = the dimension of the irreducible representation with labely
&
(1 .

. . .. 1) - d
-

-> the Weyl dimension formula

odf = M xi -T - 1j +]

Ki< jIN 5-T



M xi + N -i + EG/
· d = diXx + +j + 2N -

= -y +26

Ii< jEN 2 - T - j + EG i= 1 N -T + 26/2

(G = B
, c)

· d= M Xi+ bj +2N -E- j

KiSjEN IN-T-J



52 Casimin operators of the Classical Lie algebra

E i = the Complexified Lie algebra of CN

= glp G = A

AO2N+ 1 G = BI Apar G= C

AOzN G = D

Def o Yer := the Lie algebra generated by Eij (ij = k-- >
N)

st
. (Eij , Ere] = Sir Eil - Sie Eri

· IGN : =

&
41 <2- NY G = A

- 91c - - No -N-- -146 = B

ordered ↓ k.
- -

< Nc -Nc . - · c- 1) G = C
, D

index set

- N : = /Fol
,

VIfIGn
,

Ei = - I

-> 102N := the Lie subalgebra of glIGN (6 = B
, D)

or

2N generated by Vij := Eij - EJE (ijfIGN)



Re Xij = - XjE

& ApaN it the Lie zubalgebra of Ecr
generated by Xiji= Eig-Sidj E (iij + Ic
where Ei := Sgn(il

Rem Xij = SiS] Xi

Def : UCgr) := the universal enveloping algebra of EN
i

. .e., the universal K-algebra generated by EN
St

.

FX
.

Y +gr ,
XY- YX = (x

, Y]

~ ziga) : = (z + Ulgn /zX = Xz FXWigHY
&

a Casimic operator

Later , we will study the asymptotic behavior of
"Spectral measures" of Casimin operators

· The Work of Perelmor - Popor

Fix a finite-dimensional representation of EN : X2 As (a + Icn)
~ AdYatION St. Tr(AdAp) = Sa

. B



X ICION it . WXaYatI : a basis of EN
~ Ea

.pi
= +r(AAp)

I ~

a : = (52B) daB -I
: assumed to be invertible I+ = (a -pape 1
& Ad := [gaB As

& FI

↳ F(AtAp) = Igargup = Sap

Rem FigfIc (Xa
. Xp]=E

~ 0 = Tr(CA2 . ApAr])
= Fr(CAc

. AB]Ar) + Tr(Ap[Ac . Ar])
= [C Esu + Ips C

i& = - Cig (2
. 1)

where (a := (Cr)srI ie
, ( = (Cs]srI

Da Fac, 1
,
Fxx---

, dp -IGN

· ga. -- , <p = Tr(A -.. ASP)



·(i = [ g(x ....d Xa .

- -
- Xap + U(gr)

C--idptIGN

= (Trid)(P)
,
where=o

· (Tp) =X-X
= (Troid) (AP . Ao1)

-> ( = I (Troid) ([Pt · At eXx)
LIGN

=I (TplXa
& SIGN

Lemma Fa
. B + Ion

,
[Xa

. (T18]= (TplY,

where= -Car

Proof) (Xc
.
(Tp19)

= pp

ap ... .. pp .9(X2
, Xp .

- - - Xpp)

= gBl . -- ..p .X-X(XXXY
P .. -- , &p



=I get ..... 94. X-Xr-xB1. -- . Sp

=I gl . ... t ... SpBX-X
j= 1 Bisnp .

y

- ge ......Pr

=>A- A

· (AV = [48 As

= [(C-19 . 6 AsI = - [15
+ (1)p5 . 6 As

7 (2 . 1)

=-A
== [PiU [Aa

. Ar]

=
- /As

.
Api]

=- (A .. SA AP-APPA



=
- T)[Ac

.
A!... AP5]AP)

= Tr(AP--- APSAC
. AP])

in [xc
.
(Tp(P) = [ Tr(AP .. APP[As

.
A8)) Xp ,

-- XBp
Bi-- , BP

* [Ac
.
A87 = [ gPVCS r As

U . S

= [("18 . p As

I 12 . 1)

= [ ("Juls B As

= A

= Ar

~ (Xc
. (ipP) =EEg

...p Xe- x+

= (Thu T



Prop CpEZ(EN)

Proof1 VatIon
.

(Xh
. Cp) =

E(Xy .
(Thexe)

= (Xc
. (TpP7X + (Tp-18[Xa . Xp]

= (Tpxp + Chop (Tp-18 Xv

=

Eri T
Examples

o Ev = glv & the dual fundamental representation Eiji - eji on
V

-> fig = -eij ... Trlein)-ten)) = Tr(eijtem) = Sci
,
(D

- 1)

-> Cp = [ Fleis ... ep) Eig--- Eiptp
in-- , 24
Fl . - - - jP

= 11"[Trleiix--tipp) Enigi--- Eiptp
[1

,
-- , ip

Il . -- > Ip

= (-1PE-- Epi



o GN = AO2N +1 , Separ

Xij = Eij - EjE H(ij = - (tji - TEI)

->Mid = C : i/2 ... (i
. I) * (t , E) = Trkircpel = SCI) , Chel

-> Elij = I likes ij XRe
k l

=E (er) Xml - Cere-eeElij
=

- [(X +y
- xjz) = - X

=j

~ Cp = (T id)(EP)

= I (Alicia--Clipic
i1.-- , [p

= LiPE Xzz--- Xp is

o Ev = SIN

Xij = Eij - EiSjETe # Hij = -(ez-Eijij)

-> Hi = 12/2 ... (iii) + It
. E) => Teicke) = 80

. j1 . 16 :11



~ Clic = I ( Xe

= (er) : j Xpe

=
- E(Xij - [ikiX) = - Xij

-> C =Z Cli--(Elips as

= L1PI Xiiz---Xip is

#m : G = A .
B

.

C
.
D

,

Gfp1
,

&
p

:= [ Xiviz Xinis--Xipi, z(EN)
i

, .. - -, Tp

&
6 = Awhere Xi =

Fit Ese G = B
.

D

Eij -SidjET G = C

Rem : (P+
ij

= [ XiziXisiz--Xip12
i2

,
-- > [p-1

-> = (*) X



o Eigenvalues of C

R : Exf Ev
.
(ix

, Vx) : the irreducible representation of EN

~) =(x) . 1vx

Thm2 .
) ((x) =ZA

whereAc = di + N-1 if G =A

A= = Xi +2N -I [i=% ---N)

S N (i= 0) if G=B

- x
- T - I - 1 (i = - N . . . .,

- 7)

Ai = I
↓ i + 2N - i + 1 (i = 1,

. ..
N)
if G =C

-x - i - T + 1 (i = -N . ...
-1)

At = E Xi +2N - i - T (i = 1
. . -,

N)
if G =D

-X-iei-1 Ci = -N .... -1)

& bi = 4/1-7) , B
G = A

↓ i [ C = B
,
D

- 1 G = C



Assume X is (i < :)
< positive lots

Lem2
.

2 ic] => (FP) :24x = 0

proof) R = 1
. -... N,

[XRk
.

(FP((j) = Is (ii)
(**

st

=- ist) (** st

* Set - (X*R
.
Xst] = (8s

.
-St

.
r) XSt

in Ch (s
.
+)

= Ss
. k (i . ]) = (S

.
t)

,

( - S+ m (i. j) = (S . +)

O otherwise

[Xpk
.
Xss] = 0 in Cris = 0

-> [Xmr
.

(FP
- )

= - /Sin-8jr) (FP) :2

i: XRm ( *P(124x = [ (XRR
, (FP)ij] + (FPij XRR14x

= (xii)) (i
positive

i . (FPijtx = 0 if Is i root if I i #



Lem2 .

3 (p(X) = [Cain ,
where Gij = Aidig-11-BGSj) Siri

iIt IGN

Proof) [p4x = [ (FP+ (i) Xjitx
ij5In

=> [dixi (H)i =4 +I (FXj I Lem2 .

2

= [didi (FP
+:* + [ ((FP+ )ij , Xjz)4x

* ((78) :2 , Xii] = 17-PS) ((58 :
- (5) ii)

) (8) :2
= [ (58X induction ona

-> = [dixi (F*citx + E (1-868j) ((↑P ii
- (F* (2) to

* =( + [ ((FP) = - (** (ii) +x

12 TSIIN

= (x + (N - i) - (i - 1) (**+ )i = 4x

= (x + N - 25 + 1) (* *+ )i = 4x

& fq7
,



(8) = 4x = (f+ )
== Xi* + :Xi

= X =
(2+ )

:= 4x + )(+ ) =
- (58+ [i)4x

= (x
=

+ N - i) (E)i =4 -(4x
= [aij (F)i] 4x
=[ (a8

+ )is (F(24x (F(jj = Xjj

= [ (at-) +j Xj4x
i . [p4x = [ (Xi +N-2: + 1) (F*+ ) : :4x

= I (xi +N -2i + 1) (ap- (yx4

Cij = Aidij-Size - [hij = Ai -(N-T) = Di

Ai = Xi + N -I

= hij = 1j - (2 - 1) = xj + N -25 + 1

- = [
R

,
T , I ,h

Grz(aP2 : jazetx =

I (albe 4 #



Proof of Thm 2
. 1 in type A

a = () =v
where V = (e ...) : left eigenvectors

+
yx)

v = ) : I : night eigenvectors
-
HINI

St .
<wil , 4) = Si

. j

i . e
.,

G = &An Ubis . tylil

> v =- ) = = 1
. ... =

I 1 I =T

O i = i+1 , .... N

wi =

0
I = 1 , - - ,

[- 1
,

I I = T

--) i =2+.
...
N



i
. By Lem 2 .

3,

G(x) = (at)) . (i)

= un() , (i)

= us
, lik sea lik

= =
#

71 - Th(z)# +Ev
. Gzlizz = (1+96-11zz

where Mx(z) := 1 (1-1-Fz
REIGN

BC =

O G =A
,

Es =

1 G = B

1 G = B
,
D 2 G = CS

11 G = C
I E G = D

Proof in type A

By Thm 2
.
1

, (A) = [11-



⑫i = -j)d

⑭ -w) tw da

-

Mx(w) : holomorphic Inside
of the Contour

! G(z) = Glz"

-1 _ En : Mwidw

=zMx(w)dw

= - (EM , (0) + EMx(z))
1- Mx(z)

=

Z l



93 Analysis of probability measures on R

PJM) : = theeet of all Bowl probability measures on I

Def : mnz DCR) (n>7) , meP(R)

· mn-m weakly as n+ if FfeC(R) : bounded,

Sifldmuss- > Sfadman
o Mn- > m in the momentsense as n +

if Up> 1
, L ** dmb- ScPdms

Lem Erro st
. Supplmn) < Cr

.
r] In

=> mn-m weakly # mu-m in the moment sense

Then
, Supp(m) < C-r

, r]

Def moD(R)
-> The Cauchy transform Gm(z)

:=&zdmbl Eze D Suppis

of m



Rem : Imbico => If
i

. Mn+ m weakly as new => GmnllGmIz Cot-wilI

Thm : MnePCI) (n> 1)

Assume A

↳ G1)=m Gmulzl ze

·im igGli])

Then
E ! mfPIR) St

. mn-m weakly as h+

Gm(z) = G(z)

Rem : o G : analytic function from It to K-

·Li TG(iz) = 1

=> E ! m + P(R) S
.
t. G(z) = GmIz)

"proof" Fzt Dt
. 16mulzl1 < Imblt

-> 46mn(z1Yn27 : Uniformly bounded on a compact set of It
-> by Montel's thm , Esubseq Gmp(z) + G(Z) uniformly

on compact Lets



: C : analytic & ImGE) < O Fzeet

Moreover
,

Im G(z) < 0 !
u

i
.

E :
m + P(IR) S

.
t

. Gm(z) = G(z)

On the other hand
, by the Banach-Alaoglu thm,

=>Subseq Mmp- Er EB(R) in Colt
*

iHEG(D) + Gmp(z) - Griz

- Gr = Gm i .
U = m

- Since Mud +PCR) , mup-r = m weakly
i . e

.,
all weak cluster pt = m

i
. mn -m weakly Th

Lem : me PCR) : Compact support & CmIz) := Gm(z+ 1

=> analytic inverse (12) of Cm(z) in a n
. b. of z =

i.e
.,
Cm(C*

121) = z

C'm (Cm(z)) = z

Proof) (m(z)= dm = MmE ,

F



where Mp(m) :=Secdm

i Cm(0) = Mo(m) = 1 0

i. Cm(z) is univalent in a n .

b
. of z=

- E Ch(z) T

Rem : Cm(0) = 0 - C*
10) = 0 & Z= 0 is a Simple zet

:I has a simple pale at z= 0

&lim =mmms =im = Molm) = 1

1 = +analyticfunction

Def : The R-transform RmEzl of m

Rm(z) : = -E
I

Rem : (12) =

Ru(z) +E
~) Gm/Rm(z) + z) = z

Rm(6m(z)) +g = z



Def : The quantized R-transform Ronant (2) of m REnant/Gmll
1

&quart (2) : = Rm(z)+ -

7-e- Gmz
= z

Rem : 10 .1] := the Uniform measure on [0 . 1]

~> Rusain(z) = - *+z i Ruant(z) = Rm1z) - Ruso
, in (2)

: ) Ousoin 11 =/d = C-log 12 -x)) !

=

- loy (2 - 1) + log(z)

=

- log(1 - z
+)

: - log (1-Rusoz) +1) = z

1+z = e-z

Rusan)=ez - E I

Def mi
. m2 < PCR) -> · miF M2 <PIR) : free Convolution

if Rmizom2(z) = Rmilz) + Rmzlz)

· m , @m2 = PCR) : quantized free convolution

if REnant() =RE) +REuant



5 4 Characters and random probability measures on IR

Recale Ch(Gr) EPCEN)
, f=P

& En = WYM = /x = (x , x
- - >Xr) + INY

2 We will define mo
, mip :-P(R)

-> VDEDCEN)
,

mGCDT
, mPp[P] ... Pushforward measures on PCR)

Def : mo : En + PCIM)

*A mA(x7 :=St
I
counting

measure

*B.
C, D mo(x) :=+S
& motivation 1 wandom tiling FIB5211-HEREETERZMEG3

& 1--XN- ... Supp(m)<,

&
-> Supp(m(x))<]

N....



Def : map : En-PCR) ... the Penelmov - Popor measure

I st . VPC1
, Scdmp]= (x)

where G = Au =

(2n + 1 G = B

24 G = C
, D

Rem By Thm 2
. 7

,
Fp>1,

SprcPdmpP()(1)=
=

i mplaz= S3
Remi
= [ XisizXiziy---Xipi ,

i , ,
. - .. [p

= (Trid)( *P )
,

where Y = [ eij@ Xij
jfIGN

& ci(x) = th(()) = (Trot)(* ) , wher tr=Tr



-> mi = (trotron) ((**(P)

-> mopLx] is the Spectral measure of* wrt. troth
↑

· Explicit formula of MPp[X]

Exten
,

plit) := XISe

-> dyi = Gdx(5z) if Xit) = N
O otherwise

Lem Vxf Er* By the Weal dimension formula

· mp==--Fi
· GA

, mi=
where 50 = 92B ↳O G=D



Def : P = P(v)
,

S (2x -- , zn) : = [ P(x)XP(z) . -- ,
zu)

x +EN xP(14)
& (1 ,

. .

.. 7)↑ the character generating function of P

Rem : LHS converses uniformly onJN

2 In what follows
,
we always assume that the LHS converses

uniformly in a open neighborhood of (14) IN

& S& Ex-- , EN) is analytic in this domain

I e . g. Supp(D) is finite (

& How to extract the information of mOCPJ from SB(z) ?

Def : VP(z)
, .., EN) : = the denominator of the Weyl character formula

of XQ(z1 -- EN)

e . g. VA1z-- , zp) = det(z= /zi-zi)



- VR
,

7
,

↳-
M

-

&
Euler operator Ezi

Lem4 . 1 FR31,

# WUX - 2)=

* DX(-- -)=
S

G = A , D
where (j= xj + N - 2 + 29

,
28 =G

= c

6 = B

Proof

⑤ Recall : x*1z) =
det1z]
VA(z)

~

RI &



=
the adjugte
matrix

of (75] =j

=
= (e) ·x

* x(z)=z
~ z - zi) = ez-Lez

4
.

X = (i - z)
Th

P! VPED(EN) st . Sp is well-defined, Vr
,

m = 1
,

A #Mp(mA(P>(m)=igt (OU)m(zz
=

↑
the R-th moment

* mo(x : =) +& = most) 0 -N

# Mzr(mPCP7(m)=+ (De S(z)(z
= mr)



Proof of Type A

By Lem4 . 1, DUXA) = Mr (mASP]) X* (z)

i . ECMrImACP](m] = [Mr(mACP2)
*

P(x)

= [P(x)m (Nym
z = 44

= mir+ (DUMm g(z)(z=I E

& How to extract the information of mpp[x] from SPCE1 ?

Def : V,

App
(9)

G + A

~ Appen
94 I hieve!



Lem 4 .
2

A EPUNXAEX

# &PDONX +1x

Proof)

*A APPUNXz

= da(z)

= det -..n
=C

the aditsee
matrix of (2)=

=
= viz, rat
=



TA Izzi) Ed Izzi
= (z +zi) (18z = ( - lj)kzi)
= ly(z +

= z=4 - )) + ( ej)(z 2:15)
-> the same computation #

Prop KpeP(E) ,

VRz7
,

A # (Mm(mp(x77]= EPUNgU=
# ECMr(mp(x])]= &PPS(z)(z

= (i)

where mp(x]= m[x])+

I mp(x]) +)
mp2x7+

-

-

lj = 1j +5
- li = A-j+

Proof in type Al

By Lem 4 .

2,



# EPU(z
= av)

= /z = (4)

=( = Mrm

- EC Mr (mi[P])]

= [P(x) Mp(mp[x])
= [P(x)- DPDUN(z = 44)

=> DRUM gU(
=

l

· Relation between mo & mPP

167 (1-T()Recall (12) :=B (1 +

z-IN

where M&:(1



Lem4
.
3 z - Ki : 1zl]

= log MQ(E) = Glog (1-2) do(x]()

Where mo2x7 = mA(x] 6 = A

↑↓(+Ni ) +GE o

#( ))}
↑
only type B

Rem 4 .4 (CN) +Ev (N21)

mOx(N] + m weakly as N+

=) MOCKN] -> m weakly as N + &

Proof in type A)

REIz =F1-1 .
z

↓ logM)= (1-iz)
= [log(1-)dMAb #



Thm4
.
5 PrEP(EN) (N >1) , -

in the moment Ense

Assume mGCPN7 + m weakly ,
in probability as N+

I i
. e., Aft(bIRIs SpFidmOPN >1 + Sinfondma I

in probability

Then mipLPN> + &Im) in the moment sense
,
in probability
as N+Q

& &Cm) is given by

1 - Gams(z) = exp) - Gm(z))

Rem om + 21m) is a modification of the Mankov-Krein Correspondence -

But
,
this is not surjective.

·o is defined on [mEPCR)/ Compact supp ,
madi ,I me. 1

"idea of proof"

By Rem4 .4
,

MGCPr] + m weakly ,
in probability

-> Recall XIN)-PX

=> OmpLM (E)= MplmExNs)zP+



=
Boz/N

= (1 +
2- 12N +36-1)z/)(1 -M

By Lem4 .3
,

R) = exp)n)log(1- (dmx()()
= exp) -b)x + 0( ))dO2x()(x)
-> exp)-Samb)

Gmipexis (z+ ) -> 1 - exp)-Gm(z+ 1)

R : iy (1 - exp)-Gm(iyi)

= iyEmliy) + 0(g) + 1 as y+ I

T Fm
, mzEDCR) St . &mi

· Rimal are well-defined

Then
,

=>
misma

, asmienal is well-defined

& &(mixm2) = almil2(m2)

Proof existence of moms--later (using approximation



Recall : Rams (Gam(z)) = z-mz
1

= z -

1-exp(-6mEl)
= Rugnant (Gm/zl)

i Rams (1 - expl-GmEl)) = Ranant(Gm(z)

we Ramona (n) = Raman x= 1 - e
-w

=> Ronant (w) + Raant()
= Ramis (4) + Rama (u) Al



55 Asymptotic representation theory (original asymptotic regime (

· Vershik-Keror's engodic method :

Ga := Gr
,
where G = A .

B
,

C (D)

-X + exCh(6s)
,
EX(r) -GN CN31) S

.

t
.

Vkx7
,
* lom =ime uniforml

XSN SN(

Thm (Okonkov- Olshanski 1981 :A
XCN) E VEN (NET)

,

TFAE

· Elim X (U uniformly Ykz]
N-D *C>(14)

X+ (N)

-

A
~ LIN

X(N) =
~ LIN

I

--BrBi ! & (F(N))nSFN
&IN ~

14
tSiN- BiN BIN --

--

X
-

(N)

Then
, tim ---Q



&1) = e+Well Blt) ItBelztl
i=11-x(z- 1) 1 - a= /z"- 1)

W = k +
, B

+
,
5

, B ,
8+,8(

9

rF= S- I
Thm (Edrei-Voicules theorem (Voiculescu

·
Vashik-Keror

, Boyen, ---) (
exCh(U(0))

=et = &w=+

, + , 45 ,
r

, 4)E* Ro) F =--- IB = (p7,B.... (

It ,

P + B=E )
Moreover

,
KweRA + X = exCh(u()

,

xh((
*

z2)) = Fil

Thm (type BC version (Okounkov- Olshanki 1061 (

exCh(60) (6 = Bor()
X = ( ,

L
, day --

=
BC

: = &W = (4 , B , 4) (4) Rol B = (B, B23 -- C Y
& = + B=



Moreover ,

F WERBCXi + exCh(Go)
,

x((PR)D11) =↑QR
where GB(z) :=e)

Rem G = B
.
C

,
Fit

xP(z --

. zi)CP( -- - a ,
b)

,

wherefo (c . -

-, (via ,b) =
det (Pxi + N -= (xj;a ,b)]j=
det [uj-T]:

& Puliia ,b) : = the Jacobi polynomial of degree n

& (ab) =

(z .
-z) G = B[

(t , t G = C

& Other symptotic regimes

· Asymptotic representation theory : Xi(N) = O(N) as N + C

& Butetov-Govin

o Biane'95: Santis where Ev = o(N-d) i
.e

.,
GN-0 fact



· Collins-Shiady 109: GEN(XN + N-T) ,

Where En = ot

· Borodin-Bufetor-Obhanski 115

WCN) = (ht(N)
, BT (N) ,

[(N)
. BIN) , WCN ,UN) FRA (NUT)

S .t .

·Ein r
· = finite measures C , BF on R with compact supports

St. := -GF

BiSE - B
weakly

- G
,
2 > 0 St
a only nonzer tem

Supp(GE) < 10
. C ,] , Supp(BE) < 10

.
C ,
]

1 Supp(G)/ < CaN
, 1 Supp(B)1 < EN

Re x f UYN + "modified" Frobenirs Coordinate of X(N) - &E

PPE : Under the above assumption ,

↓in log Quin (1+z)



= u+z -Vz + Gloy(1+ zx)dBT() + (pl(1-Bk

- Splo(-zu)dak -(p1g(1+ (dG( - *

uniformly on a heighborhood of z= 0

proof) Recall : Q(z) = etz-r
↓ log &(1+2)=

=N + log(+ 2)+ log(7-BECMz

-(1)+g(1 + d=(2)

=>
z

↑ [ployk + zx)dBirk + Splog(1-F)dBika
-> Slogk-zuldG+)d

-> N as N + 8 121]
-

: the integrands are bounded on [0
, 121C2] #



Thm5.2(Bufefor-Borodin-Olshanski 15)

warlt &f St log&(1+2) = P1) uniformly on a
.

nb.

& PrEPCUN) resociated With Milwa Ch/UCM)
of z=

=> mACPN] + FrePCA) weakly , in probability
s .
t

. Ronant (2) = @pe-

Rem : By Thm 4 .5
, mapP]+ @l + & Ranch) =Pl

& Raca)(1-eV) = Raant(w) f
Cor Under the assumption in Prop. 5.

1
.

Thm 5 .2,

pant(z) = ve -v + (1 + (ez -
1)

edba +&Edit

-eda-das
In particular .

T is infinitely divisible in the quantized free
erse

& i . e
.,
Eha1

,
te ton, I

where in + (t at,T,0,B,



R : RIt) is infinitely divisible in the free sense

i . e .,
Fat , Ra = Ronn

· Goin-Panora 15 . Bufetor - Govin' 15

Def x (N) = E (N >1)

(x(N)(v : regular if

=> f : Co
,1] - R : Piecewise continuous

, (non-increasing)
= c > o

St in -f = 0
, Sumax

Rem supp(mA((N) @(,-] < ( f(l -C
, 11f1 +C + 1]

Supp(mOSINIS) SEN),N-1](-1f + C ,-

Lem5 .3 (x(N)N : regular
= f(x) = f(x)+1 -7

=> mPXN] -> m weakly St. -

Gm(z) = /S : z -Edi , 6 = A



(*)!+d

proof in type A) -x in So igEdi - 1 as A+ G + A

-> It suffices to show :im GMAis(x) = Comb pt-wise

GMA(xn](z)
1

=-
I=-F I

-X-
↑(Nj11 /( )(z-

=- 0 as Ne

~imoGrill =in = Side



56 Asymptotic analysis of characters (only type A

Goal1 : asymptotic analysis of character

Thm6 .
1 (CN)- En (N27) : regular St .

MPXN] -+ m

Fra
,in log X (z.. ...Er ,

1N-M
= Hm(z + - - - + Hm(zp)

X& (1N
-R(

uniformly in an open neighborhood of 161 = K*

Where Hm(z) = Sincquanttld

Goalz : asymptotic analysis of probability measures from characture

Thm6 .2 : PrEP(ECM) (v, 1) Sit . Sp12) is well-defined

Assume VR31
, linlogS(z-z ,

T-R ) = R(zi) + . . + R(p)

uniformly in an open neighborhood of 114 =Ch

where RII) is analytic

Then MACP] + Em in the moment serss , in probability
G!

& Ma(m)= (H) ! 18-e):=



a consequence of Thm6 .

1
,
6.2

↳m 6 .3 me PCR) compactSupport
q !Eqz1

· Malm) = el(He (ze Hmm (218-2)(z
=

Proof)
Hm/zl = (in) panantdt - Hiz =Ratin

Recall : (m(z) := Gm(z)=m= Mimi
& Ronant(z)=e

1
i: C*

(2) =

Rguant(
I

=

ez Hil+-z

0 The Lagrange inversion formula (See (Stanley's book .
Thm5

.
4

. 27)
F(u) = a , 1 + aac +..

- Gito FF) : inverse

=> Car FF(x) = Ch (l "



i Mq(m) = (z8+ 1) Cm(z)

- [25] (zW+ /eHme)+z(t+ )

= (z")(eHile+

nez Hil+
↓
= In Hin+

=We ( How the dw

1 = 0 = G ... = 0- dur

Hmiw78-e=> wa
-ese+ 1

da

Gl=He la Himwite I
w

Re : X"
....

XRE WN
,

pxx--exk - OCUs) associated with the characterof ---@



e
.g. pro() =

Exad (Futen) =-
dx , dxz

M⑦ Cxi
, xawhere x, πxnGpπ

#m : Asymptotic behavior of tensor product representations

X (N)EVIN (NL
,

T=--
- k) : regular st .

MEXN] -> mi
weakly

=> (1) mA[ DACNO--- OXE(NI] -> m'x---@mR

is the moment sense
,
in probability.

(2) mi < PY(x ... -(1) - Q(m')π -
- - # &(mk)

#

Rem : By Thm 4.
5

,
121 follows from1

Droof)
Since gUSN

px(N)x -- - xX(n)() = SY()---S(
by Thm 6 . 1, VR31

,

m log So -
ex((zx - - , Em ,

yN+
)

= R(zi) + - - - + &(zm)
,

where & (z) = Hmilz) + --- + Hma(z)



=

Hmit---Fmp (2)

by Thmb .

2
,
Lem6 .

3
,

(1) holds true F

DA : x + WYN
,

Oct 1

pd .
"

> PlUTTNs1) associated With EBLOCCENS
i . e

., PdX(m) = Mid (FreVar
where Exluians- mi

#m : Asymptotic behavior of restrictions
X (N) E WEN : regular st

.

MACANI] - m weakly

=> (1) mA(pd.Ny -mot in the moment sense
,
in prob.

(2) miph paxs -+ RImiD * #

where motte REnan Dan
T

almi*t> Rami# = Raimi



Rem : By Thm 4.
5

,

(2) follows from 1

Procs Since SUN
phixes

(2) =
X*N (

.

/N-Lars /

XIN (IN)

by Thm6 .
1

,
FR> 1 ,

↓in log SYNz - -,z ,

T-

=> (Hm/zi) + - - + Hm1zm))

= Hmod(zi) +.. -
+ Hmet (m)

↳ by Thmb .
2

.
Lemb .

3, (i) holds true T

R : The above two theorems hold for G*A.

· Proof of Thm 6 .
1 (Outline (

1. expression of *ki.-XRTR)byx(74)

2
. asymptotic behavior of



# Du : M = (MIL -- > MN) -IV
,

Ap le .-(i) :
det[] j =

det [x-5]
- j=

i
.

e ..
ExeWins

,
M = (x + N + <

12+ N -2
, -- .

xv) - Au = x*

Lem6 .4 AnK ...,CRIN,!
= I cise-1 Aut (2) Amec (IN-R
# (ii-1N-R Jage

....
Nh -

131= k 9
(Mj)j =]

Proof
Ankl . -1 p ,

1
,
g . . .

,

%N-H
-

=

dt)----7
M (xi - xj) T (2 :-g · 17 (gi+ -g:+)
< jER =1 . -

,
R Ki< jINR

I= 1 . - .,N-R

i det [a]:= = (-1)()[ -
its (i -1) det (a = j]

==. -

.
mdet[aij]i

=R+.N
C - 1)

JCh ... Nh [5] 27J9



151= k

- =

(1)[ . detJen def -1 M5] ==... N-h

jeJ

17 -e) · ↑ kinguy . 17 (85 - git)
Ki< jER T=1 - -

,
R

Ki< jEN-k
I. -- Noth

(-x()
& & H An(2) Anja (1 . ... gUR)
M (4-g J

i= 1 , -. c

j=) . - N-R

-> the assation follows by +1 #

i Ap(@ ,

1N-R) (-x()
=NAn A

Am(1N) An (14)
num

the Weyl dimension famul

-
1

= R .
Kis(ND- where CriticismM (Mi - Mj)
Taj



= 1

X M - T (Mi - My
<j inJ i < j < j

ItJ
/

TtJ
27j2 I= ]

m -

M< J ,
ItJ

,

ici int (Mi-Mj)

↑ (Mi- Mj)
<j

j75

& int
(Mi-Mil

= L 1 L
*
1 (ME - My

i7] If

(-)() M
: Ank .NR)

<i int (Mi-Mil
- 16

. 58~

An (14) -E 17 M (Mi -Mil
iC] JEI

Lem : Fr = (Mil--- NR),

term) . An= deleEs
↑



Proof) di/E Eco
= de[E]
= I det [M]

= dit (m] I sendli
= LM (i -42) · det(c El

Ki <R

i
. Ap (2 ,

1NR)

An (1)

[N-k 1
= --Mi

deMlR

CN VA(2)
CtSp=

1 bdete[IM I= G-N-R VA() JTfSk j=1

M--

-de (E= r(E - Ex j, . . - -
,R = 1 . -- ,

N

(ja + =b)



-> det[E ...- ...
= 0

1
i =- LA

if Fr-
~

]↳ 16

Ar ( - Mi

proof)
By Eg
.

16
.
5)

(LHS)=-MiCN

9
9
[N-1) ! xMj #

1:

ANNRRR - dateVAR)



=>+ Anti
WA(2) An (1)

(6 .7) = det/E. 1-1*

=
Prop X& ( . /N- CN -1) ! NW

x& (14)
= New-A) dur

j= 1

Where I Contains =A (Jzk-- , N

Proof) By Lem
.

6
. 6, I

d
9
Contains A1

. ...
A x

~ log>= +to du

2 w-
G ⑫



① = log! Flog
-

~ - log(-1) + A log
V2E(N-K(N-1N+.-C- 1)

(by the Stirling approximation)
NN-1

-logk - 1) - 1

& x= et

# d=-
me : x(N) - WYN : regular St . MXIN1

- m

-> recall : GmIz) =J di (f(x) = f(x) - x + 1)

-

>im oyk- ) = 110(w - f(x))dx =: 7()

-= expu(z - z(w)]exp(v)7m)-- )] da
main term error tem



suddle

point method

- exp[N(yWo - 71011]

where Wo solves (yW-F(wi) = 0

i . e., y = 7(wo) =C di = Gm/wo

i: Wo = Ronant (1)+en

"I logrema
~ - log(e*-1) - 1 + ↳Wo - 71wo)

Rm (-logle*-1) -7 + &Wo-7(woll'

=- + wo + zwo - 7lwo)wo y = =(d)

= Ranant(y

· log eanIt is
C = 0 taking 1+ 0



Moreover, ...

Prop 6 .8 XCr) + WiM (N27) : regular st .

MACXN13 -> m

=> lim + log XYn ( , >N
+ )

=Am(z) uniformlyN+8

x*(TN)
in an open n

.

b
. of x = 1

proof of Thm 6
. 1)

Set F (4
- - . xp

.

I-R) : =

xk . - x* ,

YN
-R)

X& (14)

By Eg (6 .

77),

~ A
* xCNs
(- GR ,N-R)

I by ,N

=de
*(, (j ,

(N+
) i .j=
-

-



E E-
(xj, (N- (xj - 1) N-k

*

linear combination of( **. TN (m = 0. .... l)
**(xj ,

IN)

-

polynomial in la log F (J ,N-!
(j - 1)N

-R

of degree m

by Prop 6 .8 - = O

* = (N - 15 +ex+ (xj-N
- i+e

+ 0(xi- +e)

= OSN :"(

~> u (1--
, Cr , 1N-R)

Converges a bounded function
R

(j . 1 N-R
,



in # longF (x.
-

, LR .
1N-R(

~#log - Hm +- +Hmm)

a Proof of Thm6 .

2

AssumeI log So, .... Xp ,
(N

-4) - &(x) + - - + 2km)

Them Fqz] Mq(mF(Pr] (
-> Malm)=zaz
in probability

Strategy : XN (NXT) : random variables
,

S
.t

.

#(xn] + a
, E[xi) + a

=> XN + a in probability

: ) By the Chebyohev inequality ,

Favo
. #(IX-ala) * E(Ix-aP]



= (E[x] -2aE[xn] + a)
-> 8 as N + N I

-> Our goal : limit of ECMg(mA[PY)m7 (m= 1
,2)

Reall : By Prop4 .
X,

# (Mg(miSPr)(My =
COUN ImgU ISYCN (2 ② = (1N)

where DU Vt(2)

By assumption,

S(2) =
eNITN(l)

,

Where & 11) = 0 , TNII) : analytic , symmetric

& blog Tw( . - · <p .
/N-) -+ 0

~ (DUCIm gU (2)

=-E ·V .N



mit- +ms =mmm=is
m =- 1

S
= [ ↑m

ar+ br+C = GMr
-

Cr= 1 ...,S)

X EVAL) .ENETI

-

SUN (2)
·

SIBUIjmgU (2)

=
Int

RWINUS (2)

SUN L

&T
S VA(z)

-
-



EL =
E -4)

= -xj) -
=ir

Z -A Exe (iI
&

C
,
+ -- + lk= a

x2 - xjr

Mr>1

=-Chir
v

-
r = 1

--= a +b+ c =q
l

R= 1,
. ., a

-> =>e Elm2 + (1N) a+b+ c= g



26 . 9 : fr(-- . x n) : analytic in a neighborhood of (14)

(r = 1 . - - , n)

S .

t. Gifr() = dif (1) (r= 1
. - - , n) Flx]

=> lim & frie--n = dif , (4)
2+ (b) W

=rk-cs)

Applying Lem6 . 9 for felki)=Nine
-> (

= 1
eNR(x)

y -

= polynomiah in 2

&
M

log Tn( ,
N+

of degree C

xk + b
.
N2ib

= o(N))
+ O(vb+

)

-

~



*a
~

-[2
G +b=q Sit-- + la= A

er=7

m

e = (1)

2 -a

=Nall

i E[Mg(mA(Pr])]

=S ( = (i)

2 -a

=!alal

=

COUN (2 gU (2)

SUN(2) ~
leading term

= diagonal Eniagonal



·
- [I

↳ Sin antbutcenice
a

(r = 1 , 2)

-
Eaz (ii) T (-j)kizl

# is , In

IFI, 12

-! an

(xi1-(52) It (xi
,
- xj)(x=2

-(j)

~MM Ein Cir-l

= 2[ + --- em =

an (k - xin)

kr= 1
(

,
- [2 = Cin

Cr= 1
,2) (r=1

.2) (r=1 , 2) -

et- 1 (ty 1)
Ru

-

e

EK] xin - xjk

-
=[[ &i

, < i2 Gr +brt2=q
[r= 1

,
2)

&

lo
E

.
E(Ki-iz) is
(

,
- [2



T

=>butcher+
X [ EldI

An= 1 .., Ry+ 1 ja - (2 Mija, Fas
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